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Abstract—Approximate outage probability expressions are de-
rived for systems employing maximum ratio combining, when
both the desired signal and the interfering signals are subjected
to η − µ fading, with the interferers having unequal power. The
approximations are in terms of the Appell Function and Gauss
hypergeometric function. A close match is observed between
the outage probability result obtained through the derived
analytical expression and the one obtained through Monte-Carlo
simulations.
Index Terms—Generalized fading, η − µ, outage probability,
maximum ratio combining
I. INTRODUCTION
Various diversity combining schemes have been proposed
to exploit space diversity offered by adaptive antenna arrays.
Maximum ratio combining (MRC) is one such scheme that
maximizes the signal to noise Ratio (SNR) at the output of the
receiver. Though, in the presence of co-channel interference
(CCI), the performance of MRC is sub-optimal, MRC is
still widely used as it has lower receiver complexity when
compared with optimum combining (OC).
Outage probability (Pout) is an important measure of wire-
less system performance. Outage probability of MRC has been
studied in the presence of CCI for Rayleigh channels in [1],
[2] and Rician channels in [3]. Outage probability analysis of
MRC has been studied for Nakagami faded channels in [4]
with the assumption that the interferer fading is the same in
all diversity branches and in [5] with no such assumption.
Recently, there has been significant focus on generalized
fading models namely κ − µ and η − µ models introduced
in [6]. These distributions model the small-scale variations
in the fading channel in the line of sight and non-line of
sight conditions respectively. Further, these generalized fading
distributions include Rayleigh, Rician, Nakagami, One-sided
Gaussian distributions as special cases.
There has been some work in literature, for example [7]–
[10], which analyze the performance of MRC, in the presence
of these generalized faded signals. In [8], [10], generalized
fading channels are assumed only for the signal of interest
(SOI), whereas interferers are assumed to be Rayleigh faded.
In [7], the SOI is assumed to be η − µ distributed, but CCI
is not considered. Extending the analysis in [8], [10] for
the case of general η − µ interferers seems mathematically
intractable, if not impossible. Outage probability expressions,
when interferers are assumed to be η − µ faded, were first
derived in [9]. However, in [9], the interference is assumed to
have the same realization across the diversity branches, while
the user signal has different realization across the diversity
branches, which limits its practical utility. Hence, in this
work, we determine an approximate expression for outage
probability when both SOI and the CCI are η− µ distributed,
with the interference fading being different across diversity
branches. We assume that the noise power is negligible when
compared to the interference power, as is the case in most
practical wireless systems. The interferers are assumed to be
uncorrelated and have unequal powers. To the best of our
knowledge, ours is the first work in open literature, to give
at least an approximate expression for the outage probability
of MRC when both the user and the unequal power interferers
are assumed to be η − µ distributed.
II. SYSTEM MODEL
Let the number of receive antennas be NR and let the
number of interferers be NI . The NR × 1 user signal c =
[c[1], ..., c[NR]]
T are assumed to be η − µ random variables
[11] and the NI interferers denoted ci are also independent
η − µ random variables with complex probability density
function (pdf) given by [11]
f(x, y) =
µ2µ|xy|2µ−1
ΩµXΩ
µ
Y Γ
2(µ)
exp[−µ
( x2
ΩX
+
y2
ΩY
)
], (1)
where Ω is the power parameter given by Ω = 2σ2µ. Here,
σ2 is the power of the Gaussian variable in each cluster and
2µ is the number of clusters. Note, ΩX = (1− η)Ω/2, ΩY =
(1 + η)Ω/2 and −1 ≤ η ≤ 1 (Format 2). Henceforth, the
subscript int and user will be used to differentiate interferer
η − µ parameters from user η − µ parameters. u denotes the
desired user symbol and ui the i
th interferer symbol, with
both belonging to unit energy QAM constellation. The NR×1
received vector in a receive diversity system is given by
r = cu +
NI∑
i=1
√
Eiciui, (2)
where Ei is the mean energy of each of the interfering signals.
In MRC, the received vector r is weighted by cH to produce
2the following output at the combiner:
z = cHr = cHcu+
NI∑
i=1
√
Eic
H
ciui. (3)
Hence the SIR at the output of the combiner is given by [1]
γ =
|cHc|2∑NI
i=1Ei|cHci|2
=
|cHc|2∑NI
i=1 Eic
H
cic
H
i c
. (4)
III. PRELIMINARIES
Obtaining the exact pdf of γ seems mathematically in-
tractable. Hence, we go in for a simple approximation to obtain
the pdf. Consider the expression for SIR given by (4). We
propose to approximate each of the term in the denominator
Ei|cHci|2 by xi, which is defined by the product of |cHc|
and a gamma random variable zi ( independent of |cHc|), for
i = 1, ..., NI , by matching the first and the second moment.
In other words, we match the first and the second moment of
Ei|cHci|2 and xi = |cHc|zi.1
The gamma random variable zi ∼ G(ai, bi) is given by
its pdf fzi(zi) =
1
Γ(ai)b
ai
i
zi
ai−1e−
zi
bi , with zi ∈ (0,∞),
ai > 0 being the shape parameter and bi > 0 being the scale
parameter. The first moment of the term |cHci|2 is given by
[6],
E[Ei|cHci|2] = EiNR(ΩXuser +ΩY user)(ΩXint +ΩY int)
(5)
and the second moment can be derived by expanding |cHci|2,
taking its square and taking expectation of each term explicitly,
to obtain,
E[(Ei|cHci|2)2] = E2i
[[
(Ω2Xuser+Ω
2
Y user)(Ω
2
Xint+Ω
2
Y int)
×
(
3NR(NR − 1) +NRµuser + 1
µuser
µint + 1
µint
)]
+
[
(Ω2Xuser +Ω
2
Y user)(ΩXintΩY int)
(
2NR(NR − 1)
+ 2NR
µuser + 1
µuser
)]
+
[
(Ω2Xint +Ω
2
Y int)(ΩXuserΩY user)
×
(
2NR(NR − 1) + 2NRµint + 1
µint
)]
+
[
(ΩXintΩY int
× ΩXuserΩY user)
(
4N2R + 8NR(NR − 1)
)]]
, (6)
where E[.] denotes expectation 2. The first moment of gamma
random variable is given by E[zi] = aibi. Hence, matching
the first moment is equivalent to
E[xi] = E[|cHc|]aibi, (7)
where E[|cHc|] = NR(ΩXuser + ΩY user). The second mo-
ment is given by E[z2i ] = aib
2
i + a
2
i b
2
i . Hence, matching the
second moment is equivalent to,
E[x2i ] = E[|cHc|2](aib2i + a2i b2i ), (8)
1This method is inspired from the case of Rayleigh faded inteferers [1],
where each of the term in the denominator is exactly a product of |cHc| and
a gamma random variable.
2A similar expression can be found for i.n.i.d. η − µ interferers, but not
included here.
where E[|cHc|2] = NR
[
(µuser+1µuser + NR − 1)(Ω2Xuser +
Ω2Y user) + 2NRΩXuserΩY user
]
. Note that E[|cHc|2] can be
obtained by expanding the square and explicitly calculating
the expectation of each term. From (7) and (8), we obtain,
bi =
E[(Ei|c
H
ci|
2)2]
E[|cHc|2]
−
(
E[Ei|c
H
ci|
2]
E[|cHc|]
)2
E[Ei|c
H
ci|
2]
E[|cHc|]
and ai =
E[Ei|c
H
ci|
2]
E[|cHc|]
bi
.
Now, the SIR at the output of the combiner is given by,
γ ≈ |c
H
c|2∑NI
i=1 |cHc|zi
=
|cHc|2
|cHc|∑NIi=1 zi =
|cHc|∑NI
i=1 zi
. (9)
The denominator is now a sum ofNI gamma random variables
zi. Also, from [12], it is again known that a sum of gamma
variables can be well approximated by a single gamma random
variable by matching the first two moments Hence approxi-
mately,
∑NI
i=1 zi ∼ G(a, b), where
a =
(∑NI
i=1 aibi
)2∑NI
i=1 aib
2
i
(10)
and
b =
∑NI
i=1 aib
2
i∑NI
i=1 aibi
. (11)
Note that for E1 = E2 = ... = ENI , the above approximation
of sum of gamma random variables by another gamma random
variable becomes exact.
The SIR at the output of the combiner is given by γ ≈ yx ,
where y is the sum of NR η−µ power variables denoted by yi
i = 1, .., NR and x ∼ G(a, b). Two different approximations
are possible depending on whether the numerator is also
approximated by a gamma random variate.
IV. APPROXIMATIONS
Approximation 1
The pdf of sum of NR i.i.d. η−µ random variables is given
by [6],
fY (y) =
2
√
pi(NRµ)
2NRµhNRµ
Γ(NRµ)Γ(NRµ+ 1/2)y¯
(y/y¯)2NRµ−1e−2NRµhy/y¯
0F1(NRµ+ 1/2, N
2
Rµ
2H2y2/y¯2), (12)
where y¯ = NRE[yi] = NR(ΩXuser + ΩY user). The pdf of
SIR γ which is the ratio of two positive random variables is
given by,
fγ(γ) =
∫ ∞
0
xfY (γx)fX(x)dx. (13)
Substituting the respective pdfs in the above expression and
solving the above integration using [13, Eq 7.525], we obtain,
fγ(γ) ≈ 2
√
pi(NRµuser)
2NRµuserhNRµuserΓ(2NRµuser + a)
Γ(NRµuser)Γ(NRµuser + 1/2)Γ(a)baγ
× (γ
y¯
)2NRµuser(
2NRµuserh
γ
y¯
+
1
b
)−2NRµuser−a
× 2F1
(2NRµuser + a
2
,
2NRµuser + a+ 1
2
,
NRµuser +
1
2
,
4N2Rµ
2
userH
2 γ
2
y¯2
(2NRµuserh
γ
y¯ +
1
b )
2
)
. (14)
3Determining outage probability by integrating the above ex-
pression is mathematically intractable. Hence, we propose an
alternate method. We know that the outage probability is given
by Pout = P [γ < γ0] ≈ P [ yx < γ0] = 1 − P [x < yγ0 ],
where γ0 is the target SIR. The Cumulative Distribution
Function (CDF) of Gamma random variable is given by [14],
FX(x) =
(x/b)a
Γ(a+1) 1F1(a, a + 1,−x/b). Hence the outage
probability is given by
Pout ≈ 1− Ey
( ( ybγ0 )a
Γ(a+ 1)
1F1(a, a+ 1,
−y
bγ0
)
)
,
where Ey denotes expectation with respect to the η−µ random
variable y. Hence, Pout is given by
Pout ≈ 1−
∫ ∞
0
( ybγ0 )
a(yy¯ )
2NRµ−1
Γ(a+ 1)
1F1(a, a+ 1,
−y
bγ0
)f(y)dy,
where f(y) is given by (12). The 0F1 Hypergeomet-
ric function in (12) can be first replaced by 1F1 Hy-
pergeometric function using the identity 0F1(b, z) =
e−2
√
z
1F1(b − 12 , 2b − 1, 4
√
z) from [15]. We then do
a change of variable t = 2NRµ(h + H)y/y¯ and then
simplify using the integral identity F2(a, b, b
′; c, c′;w, z) =
1
Γ(a)
∫∞
0
xa−1e−x 1F1(b; c;wx) 1F1(b′; c′; zx)dx from [16,
Eq. 26] to obtain the outage probability as
Pout ≈ 1−A Γ(2NRµ+ a)
(2NRµ(h+H))2NRµ+a
F2
(
2NRµ+ a, a,NRµ;
a+ 1, 2NRµ;
−y¯
2NRµ(h+H)bγ0
,
2H
h+H
)
,
where A =
( y¯
bγ0
)a
Γ(a+1)
2
√
pi(NRµ)
2NRµhNRµ
Γ(NRµ)Γ(NRµ+1/2)
and F2(.) is the Appell
function [16] . The series expansion for F2(a, b, b
′; c, c′;w, z)
converges only if |w| + |z| < 1. Hence, using the
identity F2(a, b, b
′; c, c′;w, z) = (1 − w)−aF2(a, c −
b, b′; c, c′, ww−1 ,
z
1−w ), outage probability can be simplified as
Pout ≈ 1−A Γ(2NRµ+ a)
(2NRµ(h+H) + (
y¯
bγ0
))2NRµ+a
× F2
(
2NRµ+ a, 1, NRµ; a+ 1, 2NRµ;
( y¯bγ0 )
2NRµ(h+H) + (
y¯
bγ0
)
,
4NRµH
2NRµ(h+H) + (
y¯
bγ0
)
)
.
(15)
The outage probability can now be evaluated using either the
series expansion [16, eq. (82)] or an integral expression for
F2(.) [16, eq. (20)]. Also, the approximation is exact when the
interferers are subject to Rayleigh fading which is a special
case of η − µ fading that is obtained by substituting η = 0
and 2µ = 1.
Approximation 2
Alternatively, the η − µ random variable in the numerator
can also be approximated by a Gamma random variable
y′ ∼ G(p, q) = qG(p, 1) using moment matching. Equating
with the moments of y′, we obtain p = 2µuserNR1+η2user and
q =
NR(ΩXuser+ΩYuser )
p . Hence γ ≈ y
′
x =
q
b
G(p,1)
G(a,1) . The ratio
of two gamma distribution z = G(p,1)G(a,1) is called the beta-prime
distribution or beta distribution of the second kind with pdf
given by
Γ(a+p)
Γ(a)Γ(p)z
p−1(1 + z)−a−p for z > 0 [17]. Hence the
pdf of SIR can also be given as .
fγ(γ) ≈ Γ(a+ p)
Γ(a)Γ(p)
(
b
q
)pγp−1(1 +
b
q
γ)−a−p γ > 0
The CDF of a beta-prime distributed random variable, say Z ,
with parameters m and n, is given in [18, Eq 2], as P (Z <
z) = (n)mz
m
2F1(m+n,m,m+1,−z)
Γ(m+1) for z ≥ 0. Therefore, outage
is given by,
Pout ≈
(a)p(
b
qγ0)
p
2F1(p+ a, p, p+ 1,
−b
q γ0)
Γ(p+ 1)
, (16)
This approximation involves only a simple Gauss hypergeo-
metric function. We can make the following inferences from
(16):
I1) Since the approximate outage probability given by (16)
is a CDF evaluated at bqγ0, P0(
b
qγ0 + δ) > P0(
b
qγ0) for
δ > 0. In other words, decrease in user power ΩXuser +
ΩYuser , which corresponds to a decrease in q or increase
in target SIR γ0 increases outage probability.
I2) From [19, Theorem 1.A.12] and the pdf of beta-prime
distributed random variables given in [17], for two dif-
ferent sets of parameters namely (p, a) and (p, a + δ),
one can prove that
S−
( Γ(a+ p)
Γ(a)Γ(p)
zp−1(1 + z)−a−p
− Γ(a+ p+ δ)
Γ(p)Γ(a+ δ)
zp−1(1 + z)−a−p−δ
)
= 1,
where S− denotes the number of sign changes and δ > 0.
The sign change from − to + occurs at z =
(
(a+δ)p
(a)p
) 1
δ−
1. This implies that, using the definition of stochastic
ordering from [19, 1.A.1], we can show that Pout given
by (16), evaluated using the parameter a + δ is greater
than Pout evaluated using the parameter a, for a constant
b
qγ0. Similarly, the opposite is true for parameters p+ δ
and p, for a constant bqγ0.
I3) With a decrease in µint, outage probability decreases
(coverage increases) only when there is a proportionate
increase in the target SIR γ0. This is so because µint
leads to an increase in E[(Ei|cHci|2)2] given by (6). This
in turn decreases a given by (10) and increases b given
by (11). This implies that apart from a decrease in a,
the CDF evaluation point bqγ0 also increases. To really
guarantee a decrease in the outage probability according
to I2, the target SIR γ0 has to be increased to maintain
a constant bqγ0.
I4) A similar inference can be obtained for an increase in
E[(Ei|cHci|2)2], due to an increase in ηint. A change in
ηuser and µuser leads to a change in all the parameters,
namely a, p, b and q of the outage expression. Hence,
it is intractable to form similar inferences using I2 for a
change in ηuser and µuser . These inferences have been
numerically verified, but not shown here due to space
constraints.
4ηint µint ηuser µuser Approx 1 Approx 2
0.1 2 0.1 2 0.0053 0.0057
0.1 2 0.1 4 0.0074 0.0076
0.1 2 0.9 4 0.0055 0.0057
0.1 4 0.9 4 0.0106 0.0108
0.9 4 0.9 4 0.0185 0.0186
TABLE I: KL divergence for the approximations for
NR = 3, NI = 2 and EI = −1,−1 dB
V. NUMERICAL RESULTS
The derived outage probability approximate expression (15)
is verified using Monte-Carlo simulations. For Monte-Carlo
simulation, we generate the η − µ random variables c and
ci from the complex pdf given in [11]. We then use these
variables in (4) to determine the SIR γ and plot the CDF of γ
to obtain the outage probability. From Fig. 1, we can observe
that both our approximations are tight for all values of NR and
NI . An increase in NR results in an increase in the number
of independent multi-path and hence leads to increase in SIR.
Therefore outage probability decreases as NR increases, as
corroborated by Fig. 1. Increase in µuser also decreases the
outage probability as observed in Fig. 1. This can again be
explained by an increase in independent multi-path due to an
increase in µ. Similarly, increase in the magnitude of ηuser
contributes to increase in the correlation between the real and
imaginary components in each cluster of η−µ fading. Hence,
an increase in the outage probability can be observed as in
Fig. 1. To determine the tightness of the approximations, KL-
divergence is calculated empirically between the actual SIR
and the approximate SIRs and the same is given in Table I. We
can observe that the approximations become tighter with the
interferers becoming close to Rayleigh, i.e., µint approaching
unity and ηint approaching 0. This is along expected lines
because the approximations are exact for Rayleigh faded
interferers. Also, the approximations are tighter for larger
ηuser and smaller µuser . Overall, the first approximation is
tighter than the second approximation.
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Fig. 1: Outage probability vs Target SIR for
ηint = 0.3, µint = 2, EI = −1,−3,−5,−7dB
VI. CONCLUSION
In this paper, we considered receiver diversity system in
the presence of multiple unequal power uncorrelated η − µ
interferers. Closed-form approximate outage probability ex-
pression for the MRC system was derived for the case when
the desired user and the interfering signals are subject to η−µ
fading. Extensive Monte-Carlo simulations were performed
and the approximation matches the simulation results for all
η − µ parameters. The effect of the variation of η and µ
on the outage probability was also analyzed using tools from
stochastic ordering.
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